Abstract: In this paper it was shown that, under certain restrictive conditions, Bjerknes secondary forces are attractive and proportionate to the product of the virtual masses of the two bubbles.
Introduction
The secondary Bjerknes force is a mechanism of mutual interaction between bubbles oscillating in a sound field. Secondary Bjerknes forces manifest between pairs of bubbles in the same acoustic field. Under certain restrictive conditions, the secondary Bjerknes force can present a gravitational relation as we will further show in this paper. Our derivation leads to a form of the force independent on the sign of the expression of the force and proportional to the product of the cube of the two bubbles radii, . This means that the secondary Bjerknes force is independent of the phase difference. We will show that this form also implies the proportionality with the product of the virtual masses (the added masses) of the oscillating bubble For two bubbles with different radii, secondary Bjerknes force is both attractive and repulsive. For identical bubbles these forces are attractive for any frequency up to a rank of the radius for which the forces become repulsive, i.e. when small variations of the two radii occurs [2, 3, 4] . We adopt this case in order to use it for the electromagnetic interaction where charged particles, e.g. electrons and positrons, have the same interaction cross section and therefore the same radius.
Setting the conditions for an attractive acoustic force that does not depend on the phase difference
In order to find the expression of the gravitational acoustic force between two bubbles, we will target to reach the following properties:
-be attractive, whereas the bubbles oscillating are in phase or in phase opposition (i.e. electrostatically, not dependent on the charges sign), -be proportional to the product of the radii of bubbles (i.e. the product of the virtual masses of the two bubbles), a isimaciu@yahoo.com, b meditatie@yahoo.com -be dependent on the viscosity coefficient, ti i thi υ υ β β β = + , i.e. be a force emerging from the energy absorption from a plane wave which induces the oscillations of the bubbles and which is also converted into the thermal energy of the fluid and gas / vapor within the bubbles, -have a significantly smaller value than that of the electrostatic acoustic force. In order to infer the expression of gravitational force, we start from the expression of the Bjerknes secondary force [5] ( ) 
where
When bubbles oscillate in phase, 2 1 0 ϕ ϕ ϕ = − = , and the expression of force (1) 
When bubbles oscillate in phase opposition,ϕ π = , and the expression of force (1) 
One can see from equations (3) and (4) that the second and the fourth terms of equation (1) 
Continuing by subtracting in (5) the expression of the dimensional amplitude from (2), yields ( 
This force is attractive, regardless of the phase difference. This is a consequence of both scattering and absorption of plan wave energy by the bubble. This force is much smaller than the corresponding electroacoustic force (see (19) of [7] ). The gravitational acoustic force is proportional to the product of the masses and the absorption coefficients of both bubbles. We will adopt a damping coefficient which has three components: ) and thermal one associated to the fluid viscosity of the bubbles gas or vapor ( thi β ).
Thermal damping coefficient thi β
According to the paper [6] , the thermal damping constant ( 2 thi 
From the same paper [6] , it is shown that the natural angular frequency (the resonance frequency), with
Considering the pressure caused by the surface tension [5] , the natural angular frequency becomes
.
Subtracting (13) 
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Hence, in this case, subtracting (15) into (8), the thermal damping coefficient becomes is dependent of the bubble radius.
Requirements for the force of the gravitational attractive type

Attractive force at resonance
When we address the case of identical bubbles, the force (6) can be rewritten using (7) 
Depending on the order of the scale adopted for ω , 0i ω , aci β , i υ β and thi β , the interaction can be influenced by the scattering of the plane wave or by the absorption of the energy of the plane wave and conversion to thermal energy. At resonance [5] , 
If the thermal damping coefficient is in accordance with the relationship (17a), 
At resonance, the first term of the gravitational acoustic force (21) depends on the thermal diffusivity of gas/ vapor,
. It follows that this force is the effect of the wave energy absorption by the gas/vapor in the bubble. The second term also depends on the viscosity coefficient, µ , of the liquid and so is the effect of the energy absorption by the liquid. For , there is no term proportional to the radius that has exponent 6. The attractive force (21) is proportional to the radius having the exponent 6, i.e. the square of the virtual masses of the bubbles in the oscillation motion [1] . The condition ( )
must also be fulfilled so that th β , in accordance with the relationship (14b), to be independent of the radius. 
Regardless of the expressions (14) and (17) 
Regardless of the expressions (14) and (17) of the thermal damping coefficient at resonance, the force expression (23) has no terms proportional to the radius with the exponent 6. It follows that, at resonance, the attractive force fulfills the criteria listed in the second section for the case 0
, according to the expression (21). 
Expression of the attractive force for
Subtracting ( 
The first term in (25b) is an attractive force which is proportional to the radius having exponent 6 and hence is related to the virtual mass 
ω ω << , the gravitational acoustic forces are the effect of the induction wave scattering (first term) and the absorption of the energy of the wave by liquid and gas / vapor (the second and third terms).
The first term in (25c) is an attractive force which is proportional to the radius having exponent 10 . The expression (25c) is an attractive force of gravitational type, only the terms ( ) 
This force, for any approximation of the effective pressure eff p and the thermal damping coefficient th β , according to relations (14) and (17), does not have terms that meet the requirements of the second section.
We have shown that in the interaction between two bubbles induced by an acoustic wave there is also a gravitational acoustic force. The gravitational acoustic force exists at resonance according to formula (21) and for the low angular frequency ( 0 ω ω << )according to the formulas (27) and (29).
Conclusions
